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Abstract 

We study the Kuramoto-Sivashinsky equation on the infinite line with initial conditions having 
arbitrarily large limits ±Y at x = ±oo. We show that the solutions have the same limits for all 
positive times. This implies that an attractor for this equation cannot be defined in L°°. To prove 
this, we consider profiles with limits at x = ±oo, and show that initial conditions L^-close to 
such profiles lead to solutions which remain L^-close to the profile for all times. Furthermore, 
the difference between these solutions and the initial profile tends to as x ±oo, for any fixed 
time t > 0. Analogous results hold for L^-neighborhoods of periodic stationary solutions. This 
implies that profiles and periodic stationary solutions partition the phase space into mutually 
unattainable regions. 

1 Introduction 

The Kuramoto-Sivashinsky equation 

/i(x, t) = —fl""{x, t) — /i"(x, t) — |(;U^)'(X, t) , /i(x, 0) = /Uq(x) , (1.1) 

is an interesting model for stabilization mechanisms of very indirect type. It can be considered 
on a finite interval of length L with periodic boundary conditions (KS^) or on the infinite line 
(KSqq). In both cases, one can formally multiply the equation with fi and integrate, leading to 
(after integration by parts) 

^dtj dx/i2 = J dx {fx'f{x,t)- J dx (/i")^(x,t) - i j dx/i-(/i2)'. 

Note that the last term vanishes identically since it equals / (/i^)'/6 and thus, surprisingly, the 
non-linearity does not contribute directly to the decay of initial conditions with large norm, 
in contrast to equations like the Ginzburg-Landau equation ifTlll which derive from a potential.^ 

'On the other hand, as we shall see, it is precisely this feature which allows for bounds which grow only 
exponentially in time. 
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Clearly, on the other hand, without the non-linear term, the equation is unstable. It has been 
shown [14,|7j|3,|5J that for finite L, the equation KS^, has an attractor in as well as in L°°, 
whose radius is finite (known to be bounded by L*/^, resp. L''^/^^, see e.g., ESI). Numeri- 
cal experiments seem to indicate that these bounds should in fact be extensive (with at worst 
O(logL) corrections), i.e., L^/^ for the radius and L° for L°° . Here, we will show that 
this conjecture is wrong for initial conditions in L°°(R), since we shall construct initial data fXy 
satisfying \im^^_^^ /Uy(a;) = ±Y and /or which the corresponding solution^ /i satisfies 



for all t > 0. The behavior of (11.21) is similar to what happens for the diffusion equation, where 
initial conditions with different limits at ±oo also maintain this property as time increases, see 
^■8-, Note that due to the Galilean invariance of (11.11) . the extensivity conjecture 0{LP) for 
the attractor in L°° is trivially wrong without a requirement ruling out constants - which are 
global solutions of dl.ll) - as admissible initial data. The usual restriction to break the Galilean 
symmetry is to require the initial datum to be an odd function (see e.g. [3|). For our purpose 
however, it is enough to assume that the limits at x = ±oo are of opposite sign and equal 
magnitude. 

What do we learn from ( 11.21) ? Basically, it shows, that if there is ever to be a definition of 
attractor for KS^^ it must contain constraints on the initial condition which are much stronger 
than just being in L°° (plus asymmetry and arbitrary regularity). Rather, if there is any hope to 
define a bounded attractor, it would have to come from a condition which says that the initial 
condition looks everywhere "like" those well-known Q patterns one encounters in numeri- 
cal simulations. In the absence of a technique replacing localization as in lUKJ^l this seems 
currently impossible to achieve. Note however that it is known |10| that periodic stationary 
solutions are universally bounded. The present paper obtains more information on the structure 
of the phase space, if not on an eventual attractor, by showing that periodic stationary solutions 
and profiles divide naturally the phase space into mutually unattainable regions. 

Our proof of (11.21 ) is based on the following simple idea. First of all, constants are clearly 
stationary solution of KSq^. Furthermore, (11.11 ) has a one parameter family of explicit (albeit 
unbounded) solutions of the form 



with 6 > 0, showing that positive constant slopes are rotated clockwise. Our starting point 
consists in combining these two special solutions by taking as an initial condition the function 



where a = 2Y/7i. The 'middle' of this function is like the constant slope example (with b = a) 
while for large x it reaches very quickly ±Y. It is therefore natural to assume that 



a;— >itoo 



lim n(x, t) = ±Y 



(1.2) 



ipa(^) = a arctan (x) 



ipaix^ t) = a arctan 




^the well known Bunsen flame fronts (see 111 II V 
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is a good approximate profile for t > 0. In fact, while the definition of ip^ix, t) is suggestive, 
as long as we only have bounds, and not small bounds in L^, we may, and will, work with the 
fixed function ^„ = il^^ix) that is, with a profile which is not changing in time. Our main result 
is that if the initial condition /Xq is ^J' -close to ipai^) '^^d the difference decays at infinity then 
the solution remains -close to ipa^x), and the difference still decays at infinity for all t > 0. 
This result also holds if is replaced by V'per, with ip^^^ a periodic and analytic stationary 
solution of (11.11 ) as constructed in [ 10|. Therefore, there exist solutions of KS^^ which stay near 
±F at infinity for all times, and thus we have found a family of large initial conditions whose 
evolution does not get smaller in L°° as time goes to oo.^ On the other hand, initial conditions 
which behave asymptotically like periodic stationary solutions apart from corrections remain 
so for all times. Since the difference of two periodic functions with different periods is not in 
L^, this shows that the phase space naturally splits into disconnected components. This last 
result is an extension of \6\. 

The discussion above suggests to consider the equation for v{x, t) = n(x, t) — ^p(x), which 
reads 

= -y<"' _ y'< _ l(^,2y _ (^^y + ^ ^ ^(^^ 0) = V^(X) (1.3) 

where 

x = -r" . 

and lim3,^_|_oQ v^ix) = 0. We will consider (11.31) either with ijj = ijj^ and corresponding x^, or 
with ijj = ipp^^ a periodic analytic stationary solution for which x = Xper = 0- Instead of ^jj^, we 
could have used the stationary profiles {i.e., stationary solutions of (11.11) ) constructed in ifTOl ). 
or even the explicit one 

fi(x, t) = ^^209 (^-9 tanh (^x) + 11 tanh (^a;) ^) 

found by Kuramoto fS^. Note that these profiles are uniformly bounded. The advantage of 
these choices would have been that Xa = 0' the disadvantage is the lack of explicit formulas, in 
particular for the Fourier transform of the profiles. While adding an inhomogeneous term to the 
equation, the choice of tp^ retains the main properties of these stationary profiles, e.g. in terms 
of analyticity. As is easily seen, high frequency modes are strongly damped by (11.11 ) at the linear 
level. It is known (see e.g., that solutions corresponding to periodic antisymmetric initial 
condition in L^([— L/2, L/2]) become analytic in finite time in a strip of finite width around the 
real axis. The error term Xa of the equation (see (11.31) ) and are analytic in the strip |Im ^1 < 1 
and uniformly bounded in any smaller strip — these two facts are better seen in Fourier space, 
since the Fourier transform ipa of V'a exists as a distribution and is given by 

— |fc| 

^^(k) = a^. (1.4) 



"'Note that we do not claim (and it quite probably is not true) that t) — ip^^(x, t) stays bounded in L^. We 
will rather see that it grows (quickly) in V?. But the only thing which matters is that it remains in V? and decays at 
infinity. 
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Definition 1.1 Throughout, we denote by A the operator A = \/ —S^. 

Remark 1.2 We fix Y > 0, and we tacitly admit that all constants occurring in the sequel may 
depend on Y. 

Theorem 1.3 There are constants c and /9 > such that the following holds. For any initial 
condition z/(-, 0) with Uq = ||z/(-, 0)||2 < oo, the solution of il.Sll exists for allt > and 

sup e-^*||K-,^)||2 <^o + c- 

t>0 

Furthermore, the flow is regularizing in the sense that there exist constants 5=,, > 0, 7 > /5, and 
C < 00 such that 

sup e-T*||e™'^(^*'*)^K-,i)ll2 <'^o + C . 
t>o 

Corollary 1.4 For every m = 0,1, . . . there exists a constant such that 
\d!^y{x,t)\ < —^^—e^^ and lim d^u{x,t) = 

for all t > 0. 

Proof By Theorem O there exists a C such that ||e°''°('^*'*)^z/(-, t)||2 < C'e'K By the Schwarz 
inequality, 

This immediately implies the first assertion since sup^, IdJ^uix, t)\ < \\A'^i'{-, t)\\i. This bound 
also implies (by the Riemann-Lebesgue theorem) that lim d^u(x, t) = 0. m 

2 Functional Spaces, Estimates 

In this section, we collect a few straightforward bounds on the function tp^ and the operator A = 
\f—&l. We denote by W^^ the (Banach) space obtained by completing Co([r, r + 5], C^(R)) 
in the norm sup^g^^^^^j He^*^"^^"^ ■ II2, where, throughout, || ■ ||p is the norm. We also denote 
by C 5 the open ball of radius d, centered on in 5. The bounds of this section serve 
to control the non-linear and mixed terms in Eq. (ll.3l) . 

Lemma 2.1 There is a 5^ > such that for all t E [t,t + 6^] one has 

||e(*-M ^^(.)f(.,t)\\, < 2na\\VlTA^e^'-^^^f{;t)\\, . 



Remark 2.2 One can choose 6^^ = 1 as will be seen from the proof. (This value is related to the 
domain of analyticity ofipa-) 
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Proof. Define F{x, t) = e*^* "^^^ ■ip^(x)f(x, t). We write the Fourier transform of F as 

F{k, t) = e(*-"'l'=l j diip^ik - Ofii, t) . 
Using ( I1.4I ). we find (using principal values) 



Denote g(x,t) = e^* ^^^/(x, t), so that f{i,t) = e '^^^^^g{i,t). Rearranging exponentials, we 
get 



a de- 



~\k-e\ii-it-T)) 

k-e ' 



,(t~T){\k\~\e\-\k-e\)g^^^ ^) 



We decompose this as 



F{k, t) = a di 



where 



-\k-e\(i-(t-T)) 
k-i 



g(£, t) + a di G(k, £, t - r, (1 - (t - r))) g(i, t) 



^-nlk-i 
k-i 



( 



1) 



One checks easily, using the triangle inequality, that for ^ > 0, 

\G{k,i,i,'n)\ < \G{k,i,iM < 



^i + m-i)f ■ 



Using J dk{l + fc^) ^ = tt, we get 

\\Fi-M2<Uai-)e''~^^'' /(■,t)||2 + asup||G'(-,£,t-r,l + r)||2 

< f(;t)\\, + asnp\\G(;i,t-T, 0)\\, 

<^a^\ + Vt^) llv/r+A^e^*-^)^ f(;t)\\2 

< 271 a\\Vl + A^ e(*-")^ /(-, t)||2 , 
provided 6^ <1. The proof of Lemma l2.1l is complete. ■ 



Lemma 2.3 Let ipp^^ be periodic of period L, let q = ^ and assume that there exist constants 



-'peri 



6 such that Xlmez lV^per,mk < '^per' where 'ipper,m denotes the m-th Fourier coefficient 



of per' then 



e^*-^^^^pe.(-)/(-,t)||2< V, ||e(*--)^/(-,t)|| 



per 



for all t G [r, r + 5]. 
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Proof. As in Lemma ITTl we define t) = e^* "^^"^ tpp^j.(x)f(x, t). The Fourier transform of 
F satisfies 



F{k, t) = e(*-)l'=l %er,mf(k - qm) 



so that 



meZ ^"^ 



1/2 



max 



which completes the proof of the lemma since <t — t < 5. ■ 

Lemma 2.4 Let-i > and + A^)e^^ fW^ + \\e^^ gh + ||e^^ /^L < oo- Then 



< v^||(l + AV^/||2||e^^(?||2||e^^/i| 



Proof. Set F = 6^"^ f,G = e^^ ^ and = e^^ h. Since |A;| - |A; - £| - |£| < by the triangle 
inequality, we have 



/ 



dxe<^ f ■ e<\gh)' 



< 



dk ikF(k) I di e^^l^l-l'^-^l-l^l) G(k - £) H(£) 



AF 



\Gh\H 



< ^/^\\il + A')F\\2\\G\\2\\H\ 



2 ) 



where we used again J dk(l + k'^) ^ = tx. m 

The following proposition estimates how close ^„ is to a solution of KSq^. 

Proposition 2.5 Define ip^^x) = a arctan(x) and let Xa = ^^a" i'a " i^ai^'a- Then, for 
< 5 < 5^ = |, one has 

sup ||e*^Xall2 < B , 
te[o,5] 

for some B depending only on a. 

Proof The Fourier transform of e^^'\\)"^' is of the form v" aS^^k^ e~^^\ so that for t < 5 we get 

A similar bound holds for -xl)"^. The term e^^-ip^^ip'^ is bounded using Lemma f2A\ with 5^ = | 
instead of 1 and / = tjj'^. This yields a bound on the square of the L^ norm which is of the form 
0^0(1) J dA; (1 + A;^)e^''l'^le~^l^l, and combining the bounds completes the proof. ■ 
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3 The Local Cauchy Problem in 

In this section, we consider the local (in time) Cauchy problem 

for (11.31) with z/q G L^. We will show, using a contraction argument, that it is well posed on any 
time interval t E [t, r + 5] with 5 < min(5^, (^^11^^0112^)-^ To this end, we construct the map 
p I— jF(p) defined by J^(p) = ^, where ^ is the solution of 

i = -r - C - i(eP)' - (^^a)' + Xa , T) = V^{X) , (3.2) 

and show that if 5 is sufficiently small {S ~ 11^^0112 ^) then JF is a contraction in a ball of radius 
> II z/q II 2 in W^^s- Namely, let / = e^*"^)^^ and g = e<*-^)^p. Multiplying (EB with /e<*-^)^, 
integrating over the space variable and using the results of the preceding section, we have 

'Awm < WA'^'fWl - WA'fWl + P/lli + f 11(1 + ^Vll2ll/ll2ll^ll2 

+ 27ra||A/||2||v/rTA^/||2 + 5II/II2 • (3.3) 

The first term on the r.h.s. comes from the time derivative of the exponential e^*"""^"^, the second 
and third from the space derivatives of ^. The next term uses Lemma 1241 while the last two use 
Lemma and Proposition l2.51 respectively. Then, we use the inequalities 

\\Afh < WVTTA^fh , WVT+A^m < 11(1 + A')fUf\\2 

and get 

Hll/lli < P'/Vlli - PVIIi + P/lli + 5II/II2 

+ [^\\gh + 2na) ||(1 + A2)/||2||/||2 • 

We also have 

\\A'/'m < ii/iif pviif < ArsWni + yPViii , 

P/lli < II/II2PVII2 < ^11/11^ + fll^VIIL 

^11(1 + A')fh < + I (ll^Vlli + 2P/||i + ll/lli) , 

for all X,ei > 0,i = 1, 2, 3. Using these inequalities with sufficiently small shows that there 
is a positive constant such that 

dmi<(c. + \\9\mm+B\ 

■^Note that by our choice of 5^, we have t ~ t < i. 
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Proof of Theorem [T3] 



from which we get that for all p in the ball of radius d in 5, JF(p) satisfies 

sup ||e(*-^)^J^(p)||2 < e^(^*+'^')/2 J||j,^||2 + 52 . 
te[r,r+<5] ^ 

For all d > ^/\\'^o\\l + 2B'^, there exists a 6 = 0(||z^oll2 ^) such that JF maps B^i C W^-^s strictly 
into itself. On the other hand ip = !F{pi) — J^{p2) satisfies 

where p = (pi + P2)/2 and ^ = {T{pi) + JF(p2))/2. Since p and ^ are in C W^ ,5, similar 
arguments also show that for the same d and 5 as above 

sup ||e(*--^^(^(pi)-^(p2))||2< sup ||e(*--)^(pi-p2)||2, 

te[r,r+5] te[r,r+(5] 

SO that J-" is a contraction in C 5. Thus the sequence of approximating solutions Un+i = 
jF(z/^) converges to a unique solution of (13.11) in C 5. 
Note that the results of this section also hold for the equation 

It follows easily from (10! (see also |l6|) that periodic stationary solutions ijjp^,,. of (11.11) satisfy the 
hypotheses of Lemma l2.3l The procedure is then exactly the same, i.e., to show that the analog 
of the map ^ is a contraction in B^^ C ^ for some d, r and 5. Using obvious notations, we 
find that (13.31) is replaced by 

l^tll/lli < \\A'/'m - PVIIi + WAfWl + f 11(1 + ^')/||2l|/|l2ll^ll2 + Se.ll^/ll2ll/ll2 , 

from which it follows that 

5tll/lli<(c* + lklli)ll/lli, 

for some positive c^. The remainder of the proof is straightforward. 
4 Proof of Theorem O 

Let now Tq = and u(x, Tq) = Uq(x) with z/g G L^, and define ctq = Ht'oL- From the results 
of the preceding section, we know that there exists a unique solution of (13.11) in B^ C ^ 
for c?o = D^aQ and 6q = C^a^"^, with so small that 5q < 5^. Let = Tq + 5q. By the 
definition of W^^ (see also Corollarv ll.4l ). u and all its derivatives tend to as x ±00 for 
all t G [tqjT]^]. In particular, the trilinear form f viy^y satisfies f z/(z/^y = — i jiu^)' = 0. 
Hence, multiplying (11.31) with u and integrating over the space variable, we get: 

¥tji^^ = -j yy"" - 1 yy" - \ J yi^')' - J yiy^aY - J yxa 
= - j iy"? + 1 iy'f - \ J y'i^'a -J'^Xa- 
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Note that because the trilinear form vanishes, we get only quadratic (and linear) terms in z/, and 
therefore it is natural to find an exponential bound in time for the evolution of the iJ norm; this 
is the main explanation for the bounds which follow below. Using —k'^ + k'^ < have the 
inequalities 



"X.a 



We find for, t G [tq, rj, with (3 = 2{\ + a), 

This differential inequality is valid for all t E [tq, r^], and implies that 



(4.1) 



Again, from the results of the preceding section, we now see that there exists a unique solution 
of dTTT) in C 5 for = D^a^ and 6i = C^a^"^. Thus (BTTT ) is valid for all t G [tq, T2] 
with T2 = T-^^ + 5i, and we get 



||K-,r2)||2<e'^-2/ya2 + S2^a2. 
Continuing by induction, we find 



5„ — cr„ 



-I3t 

' n. 



so that 



' n+l ' n ~ 



with E^^ = (ctq + B'^)^^. This implies that lim^^^o "^n = ^^^^ therefore (14.11 ) is valid for all 
t > 0. This completes the proof of Theorem 1 1.31 for the profile case. The periodic case follows 
along the same lines. 
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